Abstract. We prove two results of strong continuity with respect to the initial datum for bounded solutions to the Euler equations in vorticity form. The first result provides sequential continuity and holds for a general bounded solution. The second result provides uniform continuity and is restricted to Hölder continuous solutions.
Introduction
Let us consider the Euler equations for an incompressible fluid:
In two space dimensions, the vorticity ω = curl u is a scalar and satisfies the continuity equation
where the velocity u can be recovered from the vorticity using the Biot-Savart law: u(t, x) = 1 2π R 2 (x − y) ⊥ |x − y| 2 ω(t, y) dy = K * ω ,
where K(x) = x ⊥ /(2π|x| 2 ) is the Biot-Savart kernel. We refer to [12, 13] for a comprehensive presentation of the existence and uniqueness theory for the Cauchy problem for the Euler equations. For the purposes of the present paper, it is sufficient to mention that [18] provides existence and uniqueness in the class of bounded vorticities if the initial vorticityω belongs to L 1 ∩ L ∞ (R 2 ), while [10] establish existence of a solution of (1) for initial vorticities in L 1 ∩ L p (R 2 ), where p > 1 (the uniqueness question is however an open problem). A fundamental question in fluid dynamics is the continuity of the solution with respect to the initial datum. In the context of bounded vorticities, it is not difficult to prove continuity with respect to the Wasserstein norm (a weak norm arising in the theory of optimal mass transportation). The proof is based on the almost-Lipschitz continuity of the fluid trajectories and the continuity estimate involves a double exponential function of the time (see [11, 13] ).
More difficult is to prove continuity estimates with respect to strong norms. To the best of the authors' knowledge, the first result in this context is [17] , where stability in L 1 of a circular vortex patch was proven. Notice that a circular vortex patch is a stationary solution of the Euler equations. This result was generalized (and the proof simplified) in [14] . The only known extension to non-stationary solutions involves elliptic vortex patches [16, 15] , solutions with a rigid geometry that move with constant angular speed. Nothing is known about general vortex patches.
In this note we provide two continuity results with respect to strong norms for nonstationary solutions to the Euler equations, without any geometric requirement on the shape of the solutions. Our first theorem holds for general bounded solutions ω of the Euler equations and provides strong convergence in space at time t > 0, provided that the initial data converge strongly.
) be a solution of the Euler equations (2)-(3) with initial datumω n . Then
where ω is the unique solution in
) of the Euler equations (2)- (3) with initial datumω.
First, we want to point out that the continuity in time with values in
follows from the fact that for any n the the vorticity ω n is a renormalized solutions of (2) and the velocity u n is in the setting of [9] , see Step 1 in the proof of Theorem A. Moreover, notice that in the above theorem we do not require boundedness ofω n , therefore the Euler equations with such initial data may have more than one solution. Nevertheless, thanks to the uniqueness for the (limit) problem with bounded initial datumω, the result holds for any sequence of solutions, and does not require the passage to a subsequence.
The proof relies on the DiPerna-Lions theory of continuity equations with Sobolev velocity field [9] , see also [4] for a general account of this research area. This proof will be presented in §2. Remark 1. If the limit vorticityω only belongs to L 1 ∩ L 2 (R 2 ) we only have convergence of a subsequence of ω n (t, ·) to some solution of the limit problem, since the latter has no uniqueness:
Step 4 in the proof of Theorem A does not apply. See also [5] for a proof of the existence of solutions to the Euler equations via Lagrangian techniques.
Remark 2. If we consider in Theorem
converging toω strongly in L p (R 2 ), with p > 2, then it is possible to prove the strong convergence in L p (R 2 ) of ω n (t, ·) to ω(t, ·). On the other hand, if we relax the integrability assumption on the sequenceω n to L 1 ∩ L p (R 2 ) for some p < 2, our proof breaks down in its full generality. Indeed, a vorticity in L p advected by a velocity in W 1,p loc with p < 2 does not fall in the context of [9] , therefore existence of a flow as in Step 1 of the proof of Theorem A is not guaranteed (in fact, if p < 4/3 equation (2) does not even make distributional sense). One should consider a sequence of approximate solutions ω n that are a priori required to be Lagrangian. Note that [8] guarantees that solutions obtained via vanishing viscosity approximation are indeed Lagrangian.
The above theorem provides sequential continuity (with respect to the L 2 norm) of the map that associates to the initial datum the solution at time t. This continuity property holds at every bounded solution. The rate of continuity may however depend on the solution itself. Our second result provides uniform continuity with an explicit convergence rate, provided we restrict our attention to slightly more regular solutions to the Euler equations (2)-(3): we require that the (compactly supported) initial data (and therefore the solution at any time) belong to some Hölder class C α c (R 2 ), where 0 < α < 1 is arbitrary.
Theorem B. Assume thatω 1 ,ω 2 ∈ C α c (R 2 ), where 0 < α < 1, satisfy R 2ω1 dx = R 2ω2 dx, and fix T < ∞. Let ω 1 and ω 2 be the unique solutions in
of the Euler equations (2)-(3) with initial dataω 1 andω 2 , respectively. Then
where C, c, and γ only depend on α, T , the norms ofω 1 andω 2 , and the diameter of the supports ofω 1 andω 2 .
The proof of this theorem involves an interpolation argument in homogeneous fractional Sobolev spaces. Essentially, the Hölder regularity of the solution allows to "upgrade" weak estimates (as in [11, 13] ) to strong estimates. The proof will be presented in §3.
Remark 3. Inequality (4) can be extended to L p norms with 1 ≤ p < ∞, although with a different value for the constants and the exponent.
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Proof of Theorem A
Step 1. Let us consider the velocity u n associated to the vorticity ω n as in (3). Decomposing the Biot-Savart kernel as K = K 1 + K 2 = K1 |x|≤1 + K1 |x|>1 and noting that K 1 ∈ L 1 (R 2 ) and K 2 ∈ L ∞ (R 2 ), we obtain with Young's inequality that
In particular, formula (3) is well-defined in this summability context. Moreover, u n is divergence-free and (by elliptic regularity, since
loc (R 2 )). The bounds above imply that we are in the setting of [9] : there exists a unique forwardbackward regular Lagrangian flow (i.e., in this context, an incompressible flow defined almost everywhere in space) X n = X n (s, t, x) associated to the velocity field u n , and the vorticity ω n is transported by such a flow, in the sense that
Step 2. From the representation (5), together with the convergence ofω n toω, it follows that
) uniformly in n. Therefore, along a subsequence we have
). Moreover, all the bounds on u n listed in
Step 1 are uniform in n. Arguing as in [10, Theorem 1.2] we find a further subsequence (that we do not relabel) u n(k) converging strongly in L 2 loc ([0, T ] × R 2 ) to a limit velocity v (notice that the convergence is strong also with respect to the time: this makes use of Aubin's lemma). One can readily check that v enjoys the same bounds as in Step 1 for the sequence u n and that the couple (v, w) solves (2)-(3).
Step 3. We can therefore apply the stability theorem from [9] (see also [7, 6] for a purely Lagrangian proof of such a stability theorem, and [1, 2, 3] , specific to the two-dimensional context). We obtain that the flows X n(k) from Step 1 converge locally in measure in R 2 , uniformly in t, s ∈ [0, T ], to the unique forward-backward regular Lagrangian flow X associated to the velocity field v.
Therefore
strongly in L 2 (R 2 ), uniformly for t ∈ [0, T ] (here one can argue using Lusin's theorem and exploiting the incompressibility of the flows, see for instance the argument in [6, Propositions 7.2 and 7.3]). Hence, the weak limit w of ω n defined in Step 2 is in fact a strong limit and coincides withω(X(0, t, x)).
Step 4. The representation in (6) entails that w is a bounded function that solves (2)- (3), therefore by uniqueness it coincides with the solution ω in the statement of the theorem. By uniqueness of the limit the whole sequence ω n (t, ·) (and not only the subsequence ω n(k) (t, ·), as in (6)) converges to ω(t, ·). This concludes the proof of Theorem A.
Proof of Theorem B
First of all, we observe that, since
), the velocities u 1 and u 2 are uniformly bounded. This in turn implies that ω 1 and ω 2 are compactly supported in space, uniformly for t ∈ [0, T ]. In the course of the proof, we will use the notationḢ s (R 2 ) to denote the homogenous Sobolev space in R 2 of real order s.
Step 1. Let us fix 0 < β < α. The classical interpolation inequality for homogeneous Sobolev spaces gives
It is known (see for instance [12, Page 326] ) that Hölder regularity of the vorticity is propagated in time by (2) , and it is immediate to check that C α c (R 2 ) ֒→ H β (R 2 ) for α > β. Since moreover R 2 ω 1 (t, ·) − ω 2 (t, ·) dx = 0 for all times, the second factor in the right hand side of (7) is bounded by a constant uniformly in time.
Step 2. Since ω i ∈ C α c (R 2 ) uniformly in time, by elliptic regularity u i ∈ Lip loc (R 2 ) uniformly in time (see for instance [12, Page 327] ). A standard L 2 -energy estimate for the difference of the equations (1) for u 1 and u 2 then implies
Notice that u 1 − u 2 is globally in L 2 (R 2 ) since ω 1 − ω 2 has zero integral (see [12, Page 321]).
Step 3. Since the velocity is divergence-free one can check (for instance, passing in Fourier variables) that ω 1 (t, ·) − ω 2 (t, ·) Ḣ−1 = u 1 (t, ·) − u 2 (t, ·) L 2 .
(9) Moreover, sinceω 1 −ω 2 has zero integral, elliptic regularity implies the global estimate
Step 4. Combining (7)- (10) we obtain (4).
